In this paper, we investigate a class of accretive mappings called the H(·, ·)-mixed mappings in Banach spaces. We prove that the proximal-point mapping associated with the H(·, ·)-mixed mapping is single-valued and Lipschitz continuous. Some examples are given to justify the definition of H(·, ·)-mixed mapping. Further, a concept of graph convergence concerned with the H(·, ·)-mixed mapping is introduced in Banach spaces and some equivalence theorems between graph-convergence and proximal-point mapping convergence for the H(·, ·)-mixed mappings sequence are proved. As an application, we consider a system of generalized variational inclusions involving H(·, ·)-mixed mappings in real q-uniformly smooth Banach spaces. Using the proximal-point mapping method, we prove the existence and uniqueness of solution and suggest an iterative algorithm for the system of generalized variational inclusions. Furthermore, we discuss the convergence criteria for the iterative algorithm under some suitable conditions. MSC: 47J19; 49J40; 49J53
Introduction
Variational inclusions, as the generalization of variational inequalities, have been widely studied in recent years. Some of the most interesting and important problems in the theory of variational inclusions include variational, quasi-variational, variational-like inequalities as special cases. For applications of variational inclusions, we refer to [] . Various kinds of iterative methods have been studied to solve the variational inclusions. Among these methods, the proximal-point mapping technique for the study of variational inclusions has been widely used by many authors. For details, we refer to [-] .
In , Huang and (ii) q-uniformly smooth, for q > , if there exists a constant c >  such that ρ X (t) ≤ ct q , t ∈ [, ∞).
Note that J q is single-valued if X is uniformly smooth. Concerned with the characteristic inequalities in q-uniformly smooth Banach spaces, Xu [] proved the following result.
Lemma . Let X be a real uniformly smooth Banach space. Then X is q-uniformly smooth if and only if there exists a constant c q >  such that, for all x, y ∈ X,
x + y q ≤ x q + q y, J q (x) + c q y q .
From Lemma  of Liu [] , it is easy to have the following lemma.
Lemma . Let {a n } and {b n } be two nonnegative real sequences satisfying a n+ ≤ ka n + b n with  < k <  and b n → . Then lim n→∞ a n = .
Definition . Let G : X → X be a single-valued mapping. Then (i) G is said to be accretive if
(ii) G is said to be ξ -strongly accretive if there exists a constant ξ >  such that
(iii) G is said to be μ-cocoercive if there exists a constant μ >  such that
(iv) G is said to be λ G -Lipschitz continuous if there exists a constant λ G >  such that
(v) G is said to be α-expansive if there exists a constant α >  such that 
(ii) H(·, B) is said to be γ -relaxed accretive with respect to B if there exists a constant γ >  such that
(iii) H(A, ·) is said to be r  -Lipschitz continuous with respect to A if there exists a constant r  >  such that
is said to be r  -Lipschitz continuous with respect to B if there exists a constant r  >  such that
Example . Let us consider the -uniformly smooth Banach space X = R  with the usual inner product. Let A, B : R  → R  be defined by
is  m -cocoercive with respect to A and m-relaxed accretive with respect to B, and √ m-Lipschitz continuous with respect to A and √ m-Lipschitz continuous with respect to B.
Indeed, let for any u ∈ X, 
which implies that
-cocoercive with respect to A.
is m-relaxed accretive with respect to B.
which implies that 
is √ m-Lipschitz continuous with respect to B.
(ii) M is said to be accretive if
(iii) M is said to be μ -strongly accretive if there exists a constant μ >  such that
(iv) M is said to be m-relaxed accretive if there exists a constant m >  such that
(vi) M is said to be strictly η-accretive if M is η-accretive and equality holds if and only if x = y; (vii) M is said to be γ -strongly η-accretive if there exists a constant γ >  such that
(viii) M is said to be α-relaxed η-accretive if there exists a constant α >  such that
(ix) M is said to be m-accretive if M is accretive and (I + ρM)(X) = X for all ρ > , where I denotes the identity operator on X;
H(·, ·)-mixed mappings
In this section, we introduce the H(·, ·)-mixed mapping and show some of its properties. 
Example . Let X, H, A, B be the same as in Example ., and M :
We claim that M is a -relaxed accretive mapping. Indeed, for any
Proposition . Let the set-valued mapping M : X →  X be an H(·, ·)-mixed mapping with respect to mappings A and B. If A is α-expansive and μ > γ with r
then the following inequality holds:
Proof Suppose on contrary that there exists (u  , x  ) / ∈ graph M such that
Since M is an H(·, ·)-mixed mapping, we know that (H(A, B) + ρM)(X) = X holds for every ρ > , and so there exists (u  , x  ) ∈ graph(M) such that
Setting (v, y) = (u  , x  ) in (.) and then from the resultant (.) and m-relaxed accretivity of M, we obtain
Since H(A, B) is μ-cocoercive with respect to A and γ -relaxed accretive with respect to B, and A is α-expansive, thus (.) becomes
It implies that u  = u  since r > m. By (.), we have x  = x  , a contradiction. This completes the proof. Since M is m-relaxed accretive, we have
which is like (.). Hence it follows that x-y ≤ . This implies that x = y and so (H (A, B) + ρM) - is single-valued. 
Now we prove that the proximal-point mapping defined by (.) is Lipschitz continuous. 
Proof Let u and v ∈ X be any given points in X. It follows from (.) that
and hence
This completes the proof.
Graph convergence for an H(·, ·)-mixed mapping
Let M : X →  X be a set-valued mapping. The graph of the map M is defined by
In this section we shall introduce the graph convergence for the H(·, ·)-mixed mapping. 
. Let H(A, B) be s-Lipschitz continuous with respect to A and t-Lipschitz continuous with respect to B. If A is α-expansive and μ > γ with r
Proof It follows from Theorem . 
In the light of Definition ., we know that there exists a sequence (z n , y n ) ∈ graph(M n ) such that
Since y n ∈ M n (z n ), we have H Az n , Bz n + ρy n ∈ H(A, B) + ρM n z n and so
From the Lipschitz continuity of M n , we get
From the Lipschitz continuity of H(A, B), we have
It follows from (.) and (.) that
By (.), we have
and so z n -z →  as n → ∞.
Only if part: Suppose that
For any given (x, y) ∈ graph(M), we have
and so
It follows from (.) that
ρ,M for any u ∈ X, we know that x n -x → . Now (.) implies that y n → y as n → ∞, and so M n G − → M. This completes the proof.
An application of the H(·, ·)-mixed mapping for solving the system of generalized variational inclusions
Throughout the rest of the paper, unless otherwise stated, we assume that for each i = , , E i is a q i -uniformly smooth Banach space with the norm · i . http://www.fixedpointtheoryandapplications.com/content/2013/1/304
mixed mappings, respectively. We consider the following system of generalized variational inclusions (SGVI):
where θ  , θ  are zero vectors of X  and X  , respectively. The problem of type (.) was studied by Zou and Huang [] .
(i) κ-strongly accretive in the first argument with respect to A if there exists a constant κ >  such that
The following lemma, which will be used in the sequel, is an immediate consequence of the definitions of R
where R
Proof Consider first that an element (x, y) ∈ X  × X  is a solution to (.). Then it follows that
In a similar way, we can show that
A similar proof follows for the converse part:
In a similar way, we can show that 
Then SGVI (.) has a unique solution (x, y) ∈ X  × X  .
Proof For i = , , it follows that for (x, y) ∈ X  × X  , the proximal-point mappings R Let R : X  × X  → X  × X  be defined as follows: 
Since H  (A  , B  ) is s  -Lipschitz continuous with respect to A  and t  -Lipschitz continuous with respect to B  , we have
Using (.), (.) and (.), we have
In the light of (.), we can obtain 
